Abstract. Let X be a symmetric compact Riemann surface whose full group of conformal automorphisms is cyclic. We derive a formula for counting the number of ovals of the symmetries of X in terms of surprisingly few data of the monodromy of the covering X → X/G, where G = Aut ± X is the full group of conformal and anticonformal automorphisms of X.
Introduction
A symmetry on a compact Riemann surface X is an anticonformal involution τ : X → X, and surfaces admitting some symmetry are called symmetric. Under the well known equivalence between compact Riemann surfaces and (smooth, projective) complex algebraic curves, the symmetric ones correspond to real algebraic curves, that is, curves which may be defined over the field of real numbers. The fixed point set of a symmetry is either empty or consists of a disjoint union of simple closed curves, called ovals in Hilbert's terminology. These correspond to the connected components of the set of R-rational points of the associated real algebraic curve.
The study of ovals on surfaces is a classical problem started at the end of the XIX century by Harnack [10] , Klein [11] and Weichold [19] , among others. Concerning the computation of the number of ovals, the seminal result is Harnack's bound, which states that the maximum number of ovals of a symmetry on a genus g compact Riemann surface is g +1. More recently, efforts have been directed to obtain bounds for the sum of the number of ovals of all symmetries of a surface of genus g. Natanzon [16] showed, among other things, that this sum does not exceed 42(g − 1), and in [5] this bound was improved to 12(g − 1) (for g = 2, 3, 5, 7, 9) and proved to be sharp for infinitely many values of g. Other bounds for the sum of the number of ovals of k non-conjugate symmetries are due to Singerman [18] and the fourth author [6] . In the same vein it is worthwhile pointing out the works of Gromadzki and Izquierdo [8, 9] who showed that, strikingly, surfaces of even genus g admit at most four conjugacy classes of symmetries, and that the sum of the number of ovals of their representatives does not exceed 2g + 2. Furthermore this bound is sharp for every even genus. Other results on ovals of symmetries there appear in [13] and [15] .
On the other hand, there are few results concerning the difficult task of computation of the precise value of the number of ovals of symmetries. In case Aut + X has prime order, a procedure was given in [2] , while the sum of the number of ovals of pairs of symmetries is considered in [3] , see also [12] . This paper deals with the computation of the number of ovals of symmetries for the family of Riemann surfaces X whose full group Aut + X of conformal automorphisms is cyclic (although our results are valid in a more general context, see Remark 2.6). Let Aut ± X be the full group of conformal and anticonformal automorphisms of X. We derive a formula involving few data of the monodromy of the covering X → X/Aut ± X, (see Theorem 2.1), which provides the precise value of the sum of the number of ovals of the conjugacy classes of symmetries of X. Some examples are given. As an application of the formula, we obtain sharp bounds in terms of g and of the nature of the 2-extension Aut ± X of the cyclic group Aut + X. In the proofs we use the combinatorial theory of Riemann surfaces and non-euclidean crystallographic groups.
Preliminaries
A non-Euclidean crystallographic (NEC) group is a discrete group of (orientation preserving or reversing) isometries of the hyperbolic plane U with compact quotient space. The signature σ(Λ) of an NEC group Λ is a collection of non-negative integers and symbols of the form
which determines the algebraic structure of Λ and the geometric structure of its quotient orbifold U/Λ. This has genus h, k ≥ 0 boundary components, and it is orientable if the sign "+" occurs, and non-orientable otherwise. 
. . , k, and j = 1, . . . , s i ;
if the sign "+" occurs, and
A set of generators as the above is called a set of canonical generators. Any reflection in Λ is conjugate within Λ to a canonical one. Moreover, it follows from the presentation that all the canonical reflections of an odd period cycle are mutually conjugate, and that the number of conjugacy classes of reflections of a period cycle with v > 0 even link periods is v.
The area of a fundamental domain for an NEC group Λ with signature (1) is
where η = 1 if the sign "−" occurs and η = 2 otherwise. If ∆ is a subgroup of Λ of finite index then the Riemann-Hurwitz formula reads
For each compact Riemann surface X of genus g ≥ 2 there exists a surface Fuchsian group Γ i.e., a torsion free NEC group with sign "+", such that X is isomorphic to the quotient surface U/Γ. Each subgroup G of the full group Aut ± X of conformal and anticonformal automorphisms of X is isomorphic to a quotient Λ/Γ for some NEC group Λ containing Γ as a normal subgroup. Hence, there exists an epimorphism θ : Λ → G with ker θ = Γ. Epimorphisms as the above whose kernel is a surface Fuchsian group will be called smooth. The subgroup of Aut ± X consisting of conformal automorphisms will be denoted by Aut + X.
Let τ be a symmetry on a compact Riemann surface X of genus g ≥ 2, and let u be a conformal automorphism of X of order n such that τ normalizes u , that is, τ uτ ∈ u . Then the group u, τ has a presentation of the form G
where α 2 ≡ 1 (mod n). For example, G α n is abelian if and only if α = 1, and dihedral if and only if α = n − 1.
Notice that if Aut + X = u is cyclic then τ normalizes u , and so Aut ± X = G α n for some α. Viewing G α n as a group of automorphisms of X, those involutions in G α n which can be written with an odd number of occurrences of the letter τ are symmetries of X, and so we call them the symmetries of G α n . We will represent by s the number of ovals of a symmetry s.
We fix the following notations. The cyclic group of order n will be denoted by C n . We set d = gcd(n, α + 1) and f = gcd(n, α − 1), where gcd stands for the greatest common divisor. Note that gcd(d, f ) = 1 if n is odd and gcd(d, f ) = 2 otherwise.
Let us state first a purely group theoretic lemma concerning the conjugacy classes of symmetries in G α n . 
Lemma 1.1 A set of representatives of all the conjugacy classes of symmetries in G α n is the following:
• {τ } if n is odd or α 2 ≡ 1 (mod 2n); • {τ, u n/d τ } if
Remark 1.2 We have just shown that
ii) If n is even and α 2 ≡ 1 (mod 2n) then 2n = df and d/2 symmetries in G α n are conjugate to τ and the other d/2 to u n/d τ.
In order to compute the number of ovals of a symmetry we will need a description of the centralizer of a reflection c in an NEC group. Singerman [17] proved that this centralizer is C 2 ⊕ C ∞ , if c corresponds to an empty or an odd period cycle, and to C 2 ⊕ (C 2 * C 2 ) otherwise, where C ∞ is the cyclic group of infinite order, and * stands for the free product. Going a bit more into the details of Singerman's proof, one can find explicitly the generators of this group cf. [7, Theorem 3] . 
(ii) If s = 0 and all n i are odd then
. . , n j−1 are odd and n j is even with
Proof: Claim (i) is actually proved by Singerman in [17] . For (ii), ob-
, which gives one of the inclusions. For the converse, let F be a fundamental region for Λ, and let γ 0 , γ 1 , . . . , γ s be the part of the surface symbol for F corresponding to the period cycle (n 1 , . . . n s ). The axis of c 0 splits into intervals being edges of the images of F abuting , each segment having a label from the surface symbol to which it belongs. Now for λ ∈ Λ, λc 0 λ −1 is a reflection with axis λ( ). So λ centralizes c 0 if and only if λ( ) = while the last is true if and only if λ(F ) abuts at an edge labelled by γ 0 . Thus there is a bijective correspondence between segments of labelled by γ 0 and elements of C(Λ, c 0 ). Finally
So the segment labelled by γ i is followed by γ i+1 for i = 0, . . . , s − 1 while γ s by γ 0 . Therefore γ 0 , γ 1 , . . . , γ s , γ 0 are the labels of consecutive segments on and this labelling repeats on periodically. Hence c 0 and β generate C(Λ, c 0 ) indeed. Proofs of claims (iii) and (iv) are similar and we omit them.
Main result
Let X = U/Γ be a symmetric Riemann surface whose full group of conformal automorphisms Aut + X is cyclic of order n, say Aut + X = u . Then Aut ± X = G α n for some α, where G α n has presentation (4). Let θ : Λ → G α n = u, τ be the associated smooth epimorphism with ker θ = Γ. Let us write θ(e i ) = u ε i where e 1 , . . . , e k is a set of connecting generators associated to the k period cycles of Λ. Recall that a non-empty period cycle is said to be odd if all its link periods are odd. The next theorem shows the close relation between the integers ε i and the number of ovals of the symmetries of X. We stress that this result is stated for surfaces with Aut + X cyclic, but it can be applied to a wider variety of Riemann surfaces, see Remark 2.6. • T = {i | the i th period cycle of Λ is empty };
• S 1 = {i | the i th period cycle of Λ is odd and
• S 2 = {i | the i th period cycle of Λ is odd and
Let v be the total number of even link periods in the signature of Λ. Then
If Λ has no period cycle then τ = 0 for each symmetry τ in X.
Proof: Observe first that each θ(e i ) is indeed of the form u ε i since θ(e i ) belongs to u , the orientation preserving subgroup of G α n . If Λ has no period cycle then Λ contains no reflection and each symmetry τ in G α n is the image of a glide reflection. It follows that the fixed point set of τ is empty. If Λ has some period cycle then the image θ(c) of each canonical reflection c is a symmetry s whose fixed point set is non-empty. In this case, Theorem 3.1 in [5] shows that
where C(G, g) denotes the centralizer in the group G of the element g ∈ G and the sum is taken over a set of representatives of conjugacy classes of canonical reflections in Λ whose images under θ are conjugate within G α n to s. Assume first that n is even and α 2 ≡ 1 (mod 2n). Then each θ(c i ) is conjugate to either τ or u n/d τ , and so
where now the sum is taken over all representatives of conjugacy classes of canonical reflections in Λ. There are t + s + v of such classes, where t is the number of empty period cycles, s is the number of odd period cycles, and v is the total number of even link periods in the signature of Λ. So the sum in (6) has terms of three types. For those terms corresponding to reflections c i associated to empty period cycles, Lemma 1.3 yields |θ (C(Λ, c i ) 
Let c i be a reflection such that the corresponding link period n i is even. Lemma 1.3 shows that |θ (C(Λ, c i ) 
x for a certain x ∈ Λ. In fact, x is an orientation preserving element and so the image of H lies in the cyclic group u ; in addition, θ(
Let us consider now an odd period cycle (n 1 , . . . , n s ) of Λ. Let c 0 , . . . , c s be a set of canonical reflections associated to it, and e be its connecting generator, with image θ(e) = u ε . The image θ(c i ) of each reflection c i is a symmetry in G α n = u, τ and so it is of the form θ(
and from the relation ec 0 = c s e we get ε(α − 1)
Part ii) of Lemma 1.3 shows that the order of θ(C(Λ, c 0 )) is twice the order of
, which is an element of the form u h . It is easier to compute the order of its square
Comparing gcd(n, 2h) with gcd(n, h) yields that
gcd(ε(α+1),n) otherwise.
Since (α + 1)/d and n/d are coprime, we may replace gcd(ε(α + 1), n) by gcd(εd, n). Therefore In case n is odd or α 2 ≡ 1 (mod 2n), all the images of the canonical reflections in Λ are conjugate to τ. So the sum in the right hand side in (6) gives just τ ; but in this case |C(G α n , θ(c i ))| = |G α n |/d = 2n/d, which is half of the value obtained above. On the other hand, the value of |θ (C(Λ, c i ) )| is the same as in the preceding case, and so
Therefore τ + u n/d τ = 2 τ coincides with the right hand side in (5).
Remark 2.2
Note that in order to count the number of ovals of symmetries of X we do not require the complete knowledge of the monodromy of the covering X → X/G α n . In fact, Formula (5) just involves the number of odd and empty period cycles, the number of even link periods and the images under θ of the connecting generators of Λ. Formula (5) can be written in a much simpler way in case n is odd.
Corollary 2.3 With the above notations, if n is odd then
Proof: If n is odd then n/d = f and v = 0. So, the k period cycles of Λ are either empty or odd. Moreover, S 1 is empty since ε i (α + 1) = 2h is even for each ε i (see the proof of Theorem 2.1) and gcd(ε i (α + 1), n) is odd. Now, for each i ∈ T , we have gcd(
, where in the last equality we have used that d and f are coprime. 
, which coincides with [14, Theorem 1(e)].
(2) If n is even and α 2 ≡ 1 (mod 2n) then τ and u n/d τ are not conjugate. Formula (5) provides the sum of the number of ovals of both symmetries, but in this case, it does not give us the precise value of each summand. In fact, the values of τ and u n/d τ depend not only on the images θ(e i ) but also on the images of each canonical reflection. Indeed, it follows from the proof of Theorem 2.1 that
where the sums restrict to those period cycles (empty or odd) for which the images of the associated canonical reflections are conjugate to τ , and v τ is the number of even link periods n ij in σ(Λ) such that the image θ(c ij ) of the corresponding canonical reflection is conjugate to τ. An analogous formula holds for u n/d τ .
This is the value which should be given in Theorem 2(i) in [3] to make it correct. This mistake was pointed out in [12] , where upper and lower bounds for τ + uτ are given.
Example 2.5
Let us consider compact symmetric Riemann surfaces of genus g = 5 on which the cyclic group C 8 acts as a group of conformal automorphisms. Let τ be a symmetry on such a surface X. We claim that:
Conversely, for each k ≤ 3 there exist a surface X k of genus 5 such that C 8 = Aut + X k , and a symmetry τ k on X k with τ k = k.
If C 8 ⊂ Aut
+ X and τ normalizes C 8 , then τ ≤ 5. Conversely, for each k ≤ 5 there exist a surface X k of genus 5 such that C 8 ⊂ Aut + X k , and a symmetry τ k on X k with τ k = k.
In fact, if C 8 acts on a genus 5 surface X = U/Γ then C 8 = ∆/Γ for some Fuchsian group ∆ whose signature (by Riemann-Hurwitz formula) is either σ 1 = (0; +; [2, 4, 8, 8] ; {−}) or σ 2 = (1; +; [2, 2] ; {−}). Theorem 4.1 in [1] on the extendability of cyclic group actions yields that if σ(∆) = σ 2 then Aut + X is strictly larger than C 8 . Let τ be a symmetry on X which normalizes C 8 = u . Then Aut ± X contains u, τ = G α 8 for some α and so there exist an NEC group Λ and a smooth epimorphism θ : Λ → G α 8 with ker θ = Γ. Observe that the canonical Fuchsian subgroup Λ + of Λ equals ∆. Using Corollary 2.2.5 in [4] we get that there exist two possible signatures for Λ if σ(∆) = σ 1 , and other six if σ(∆) = σ 2 . Statements 1 and 2 follow easily from formula (9) and a detailed analysis of the possible epimorphisms
For the converse parts, we also have to take into account that σ 1 is a maximal Fuchsian signature (see [4, Section 5 .1] for the definition of maximal signature). So if σ(∆) = σ 1 then X can be chosen such that Aut
The largest values (4 and 5) for the number of ovals of a symmetry, can be attained by two symmetries of the same surface. Indeed, let us consider an NEC group Λ with signature (0; +; [−]; {(2, 2), (−)}) and the smooth epimorphism θ :
Then X = U/ ker θ is a genus 5 Riemann surface which admits two symmetries τ and u 4 τ such that τ = 5 and u 4 τ = 4, as formula (9) easily shows.
Remark 2.6 Theorem 2.1 may be seen as an approach to the solution of the problem of counting the number of ovals of a symmetry τ on a compact Riemann surface X. Although the theorem is stated for surfaces with cyclic full conformal automorphism group, it can also be applied to a wider variety of Riemann surfaces. Let τ be a symmetry of an arbitrary Riemann surface X which admits a non-trivial conformal automorphism u such that τ normalizes u . Then u, τ is of the form G α n . In this situation, Theorem 2.1 and its proof as mentioned in Remark 2.4 (2) can be applied to obtain both τ and u n/d τ , provided the geometric action of u, τ on X, that is, the corresponding smooth epimorphism θ : Λ → u, τ , is known. Indeed, in the proof of Theorem 2.1, we make no use of the fact that G α n is the full automorphism group of X (but just a group acting on it), except when applying Theorem 3.1 in [5] . This theorem is proved there for the full group Aut ± X, but the proof actually works for any group containing τ. It is worth mentioning that the existence of a non-trivial conformal automophism u such that τ normalizes u is guaranteed, for example, if the group Aut + X contains a characteristic abelian subgroup (e.g., if Aut + X itself is abelian), or if Aut + X contains an abelian normal Sylow p-subgroup (e.g., if |Aut + X| is the product of two primes).
the number of ovals of the conjugacy classes of symmetries of u, τ = G α n . We also show that the bounds are attained constructing, for infinitely many values of g, n and α, a compact Riemann surface of genus g on which G α n acts as a group of automorphisms, and a symmetry τ in X whose number of ovals reaches the proposed bound. Recall that d = gcd(α + 1, n) and f = gcd(α − 1, n).
We begin with the case n odd.
and the bound is attained for every odd n and every g such that n|(g − 1).
Proof:
We first show that the bound is attained provided that n|(g − 1). In this case, let us consider an NEC group Λ with signature (0;
It is easy to see that it is a well defined smooth epimorphism and so X = U/Γ, for Γ = ker θ, is a symmetric Riemann surface of genus g on which G α n acts. Corollary 2.3 gives
To show that this value is an upper bound for τ , observe that τ and u n/d τ generate a dihedral group of order 2d which acts on X. Then, Theorem 3(ii) in [3] with k = (g − 1)/n + 2 ≥ 4 used in the proof of Proposition 3.1 is maximal, and so we may choose a maximal NEC group Λ with this signature. With this choice, the surface U/Γ constructed there has G α n as its full automorphism group Aut ± X. However, if n = g − 1 then σ is not maximal, and indeed, an NEC group Λ such that Aut ± X = Λ/Γ cannot have signature σ; otherwise Aut + X would act with Fuchsian signature (2; −), and it is shown in [1] that in this case Aut + X would contain a dihedral group. But it is not difficult to see that σ is the unique signature providing (g − 1)/d + 2 = f + 2 ovals. So the number of period cycles of Λ is k ≤ 2 and it can be shown that in this case τ
Let us deal now with n even. An upper bound for τ + u n/d τ in case G α n is dihedral (i.e., α = n − 1) was given in Theorems 3(i) and 4(i) in [3] . Namely, τ + uτ ≤ 4g/n + 2, and the bound is attained for every n and every g such that n|4g. We now deal with the remainder cases.
Proposition 3.3 Assume that
n is not dihedral and n is even.
is even then the bound is attained for every g, n and α such that n is a proper divisor of 4g + 2f.
(1.2) If n/(2f ) is odd then the bound is attained for every g, n and α such that n|(2g + f ).
(2) Assume n/f is odd. If n/f is odd and n/2 is even then the largest number of ovals is given by σ 2 , namely (4g + f − n)/d. If v is even then θ(c v c v +1 ) = u 1−α , whose order is not 2n/f . Hence there is no smooth epimorphism in this case. However, if v is odd then θ(c v c v +1 ) = u n/2+1−α , which has order 2n/f as is easy to see. So the bound is attained only if v is odd. This proves (2.1).
If n/f and n/2 are odd then the largest number of ovals is given by σ 3 , namely (4g + 4 + f − n)/d. Observe that v is odd. So θ(c v ) = u n/2 τ and it is easy to see that θ(c v c v +1 ) has order 2n/f . Therefore, θ is a well defined epimorphism and the bound is attained provided that v is a non-negative integer. This proves (2.2).
Remark 3.4
As in the case of odd n, the symmetries τ and u n/d τ generate a dihedral group of order 2d. So Theorem 3(i) in [3] yields τ + u n/d τ ≤ 4g/d + 2, but this bound is less precise than ours.
